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Abstract. The non-linear N-wave resonance interaction system with both boson and fermion
fields is studied in the framework of the quantum inverse scattering method. The model
Hamiltonian is diagonalised and the degeneracy of the eigenstates and the existence of
the quantum bound states are analysed. Moreover, the classical limit is also discussed.

1. Intreduction

Recently Kulish [1] studied the quantum non-linear three-wave resonance interaction
model in the framework of the quantum inverse scattering method (QISM) [2-4]. The
same model, but with a different choice of statistics proposed by Ohkuma and Wadati
[5], has also been carried out by Wang and Pu [6]. On the other hand, the generalisation
to the non-linear N-wave interaction system has been discussed by Kulish and Reshetik-
hin [7] for the algebraic Bethe ansatz equations on a finite interval of length L under
periodic boundary conditions and by Zhou and Jiang [8] for the whole line (L —» )
in the case of a finite number of excitations. In this paper we discuss the quantum
integrability of the non-linear N-wave interaction system with both boson and fermion
fields. Our model may be viewed as a direct generalisation of that proposed by Ohkuma
and Wadati [5]. Here we wish to stress that all integrable cases for the non-linear
N-wave interaction system have been contained in our treatment.

The paper is organised as follows. In § 2 we present the model and construct the
commutation relations for the quantum scattering data operators by solving the so-
called Yang-Baxter relations. In § 3 the eigenstates for an infinite number of conserva-
tion laws in the model is constructued, and the degeneracy of the eigenstates and the
existence of the quantum bound states are analysed. In § 4 the classical Yang-Baxter
relations in the graded sense are presented, and then the classical limit is discussed.
Our conclusions are summarised in § 5.
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2. Commutation relations

Our model is given by the Hamiltonian

¥ = J ( Y v,,\w—.jk C—9&"—"+ Y ep(wiw,wy + wﬁw,»*,-w,.k)) dx. (1)
jk 1 ax 1< j<k
Here wj{x) and w,(x) are, respectively, creation and annihilation operators for boson
or fermion fields, dependent on the corresponding parities being even or odd. Here
and in the following, we always assign the parity of the field w;,{x) to be P(i)+ P(j),
and set P(i)=0(I<si<a orB=isN)and P(i)=1 (a<i<B,a,B=12,...,N).
Then, w;(x) and wg(x) satisfy the usual equal-time (anti-)commutation relations

Pliv+ P PLk)Y+ P
[PCiy+PIT ]w

kl(y)wii(x):O

)[P1:)+P(J')][P1k>+P<I)]

Wij(x)wkl(y) -(-1)
wi(y)wi(x)=0

P (2)
1)[P'”+P"”][P‘AHP‘“]WZ’(_}')WU(X) = 6'k6/’6(x __y)

wi (x)wi(y) = (-1
wy (X)wig(y) — (=
i<jik<lyijk1=1,2,...,N.

As shown in the appendix, the equations of motion of the system can be cast into the
Lax form. For our purpose, let us consider the auxiliary linear problem in QisMm in
the form

a
a—xa’(x,xom=: L(x, )T (x, x| A): T(x0, Xo|A) =1 (3)

with

F(x, M) =iA Z ae; + Z L (Wi + WTmeml) (4)
! l<m

where A is the spectral parameter and e, is an N x N matrix with elements (e,,); =

846,,. In terms of parameters from (4), the group velocities v, and the coupling

constants g in (1) can be expressed as

bi—b PR
Uijz.._.___l s”kz(—)__l..".-.’_“ (5)
a,—aq 1c
with
[%/:(—I)P”'CB‘.’ Bi/zai_a,=vik_vjk- (6)

In order to obtain the commutation relations for the quantum scattering data operators,
we rewrite (3) in a lattice form:

T (M) = Z(A)T,(1): T, (M) =T (x;, x| 1) (7)
with
f;(/\)zz (1+i/\alA)ell+ Z [Im(wlmjelm + Wrmjenrl)' (8)
! I<m

Here A is the small lattice spacing and w,,,; = w;,(x;)A. In (8), we have neglected the
terms of order A®. Thus the Yang-Baxter relations take the form

RN =N LN QL () =(Z(n) B LANR(A — ). (9)
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Here by ® we mean the Grassmann direct product [9], which is defined by
(o @ By = (~DIFTPINTRIy By, (10)

It is easy to verify that the # matrix is given by

—ic A—p P(HP
R(A— = — € ®em,,,+———,— —1) () ""’e,,,@e,,,.
( ©) A-—,u.—w% il /\_‘u_w§( ! !

(11)

It is worthwhile noticing that the Hilbert space of quantum states of the system under
consideration is the tensor product of N(N —1)/2 - (N — M )M Fock spaces for boson
fields and (N — M )M Fock spaces for fermion fields:

H=® H, i,j=1,2,...,N
i<j
with the pseudovacuum being defined by w;(x)[0y=0, i<j, i,j=1,2,..., N, and
M=B-a. Here H(lsi<asj<Bora=i<f=j=< N)denote the Fock spaces for
fermion fields and the others for boson fields. Now we can calculate the expectation
value of &,(A)® ¥ (u) between the pseudovacuum |0):

W()\,,u.)zlz(1+i/\a,A+i,u.amA)e,,®em,,,+cA Z (-1)P(“Pln”ﬁ/melm®em[‘ (12)

I<m

When proceeding to the continuum limit, we introduce a normalised monodromy
matrix which is determined by

F(a)= lim VN ENA) - F (VYY) (13)
where

Then the Yang-Baxter relations for 7(A) become

RAA=—pu (TN T(u)=(T ()@ TANR_AA—n) (15)
where
R(A -
RN —p)= Uiy, At Ui (A, )
A-p
A A =)= U (puy )) ZATHE) oy (16)
A—p
with

U.(A, p) = lim WY, (VY D)@ VN ()

U-(/\,#)=[Ligl(VN(A)® VD W™N (A, ). (17)
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After a very tedious but straightforward algebraic calculation, we obtain

Ro(A—p) 2( ! +("1)P“)"l>e® +ims(A—u) Y nmen®e
. — = " 4 ks - m mm
M “\A—p A-p-ic ey M Im'fll ]
A—ptic m
1
+/\,u.—ic Y (=PI, ® e, (18)
- - I>m
with
Nim =sgn(a;—a,,) ILm=1,2,..., N.

Here the & function appears as a result of the formula
ilx

lim
Lex X

=imé(x).
From this we immediately get the commutation relations for the scattering data
operators. For later uses, we write out some useful relations below:
[(A), A ()]=0 Im=1,2,...,N

(=D)P (N =) +ic
(=D —p)+ic
(=DP™(A — ) +ic

%Im(/\)‘%hn(“)= %Im(/"")‘%lm(/\)

fglm(/\)(glm(ﬂf): (—I)P“)(/\—[.L)'("ic (glm(#)(glm(/\)
= _1)P;
B () () = 2L L e B (h)
—HTINmE
A—=u—(=1)Fm
R e ALY
MK TIMmE
_ —(-1 Py,
AN (1) = - D i ()
M T 1IMmE
_ -1 P(mj.
Sty (0) G () =22 D e (WA
—HFINE
[%mn(A)a‘%l(“)]:(_l)P(“(nln_nlm)'n'ca(/\__}L)(glm(/\)%m()\) (19)

[Bim(A), ()] = (1) PP PO RIP (g VB (A ~ 1) G (A) B (A)
[ (A), Cmn()]= (=1 (= ) 78X = 1) 610 (A) B (A)

[a(A), Cim(p)] = (=) POPITEOERmIPO () ) TEB(A = ) €in(A) B (A)
(A—ptic)A—p—ic)
(A—p+ie)?

+ (=D M + T ) TS (A = 1) B (A) By (A)
(A—p+ic)yA—pu—ic)
(A ~pn+ie)?
(=D P N+ N ) TES(A = 1) € (A ) €1 (A) I<m<n,

‘%In()\)dm(,u’): dm(#)%ln(/\)

A (M) € () =

<gln(l"(')‘ﬂm(A)



Quantum inverse scattering method 4857

Here we have used the notation

_—'Z d:(/\)ell'*'lz (Bim(A)ep, + Crnl(A)en). (20)
li < m

3. Conserved quantities, eigenstates and bound states

Let us now discuss the scattering states for the model. From the Neumann series for
oA, and %,,,, we have
4,10y = |0 B |0) =0 I<m;lm=1,2,...,N. (21)
The commutation relations between &, and ¥€,,, show that the state
[T IT €mAi™)[0) (22)
l<m k=1
is an eigenstate of all &,(A) and the corresponding eigenvaiues a,(A) are determined

by

=1t A = A+ (=1)P e
al(A)'—-H ]._I /\_A(ll)
i=1l k=1 k <l<j k=

(A =AT +ie)a = AE =i¢)
, (A=A
5 ﬁ n, A= /\(Il (_I)P(l)ic

P= 1 k=1 /\“/\(k“)

z:

(23)

On the other hand, &,(A) are the generating functionals for an infinite number of
conservation laws in the model. Note that, when A is very large, &/,(A) have the
following asymptotic expansions:

M
A (A)= 1+ i 5+ 4
(A)= Tt (24)
where
n=(-1)""icw, (25)
< S Py (_1)P(”I'll"1'l
=(-1)""i ( )+( 1)”“’( iy,
ol 'gl Bl[ i=;+1 ﬂh :<§<I ﬁ,‘[ﬂj/ it
P(j) l l Py
Z ( 1 le ity CV,[_,‘ _ Z ( 1) l/lll_[l’j %U>
<< B.IBU I<i<y Bnﬁlj
+l7_2_+_(__1)P(l)_i_E +1 Ii] (_1 P(i)
27y 5 T Tic “ )y (26)
with

-1 N
‘Afl = J‘ < Z w;w” z Wy wh) @U = J‘ W. 8Wu d
i=1 i=1l+1 I ax
(27)

A + +
CI/Uk = I (Wi WiW, + ijW;Wik)dx-
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From this we can reconstruct the well known conserved quantities, i.e. charges,

momentum and Hamiltonian:

_(_I)P(’) _i o P(t) P(I) Pm
Ny=—F""m P = Z(_l) B\ my— —(-1) 2 —ICZ( 1)

1c 1€ /=2
28
1Y P(l) 1.2 P i€ N P(i) )
=T Z (-1 vBu(p —37i—(=1) ST Z (-1 Ti ).
1C /=2 2 i=1

Expanding the eigenvalues a;(A) for &/,(A) in terms of the inverse powers of A, we have

tou N
a,(/\)=1+xl+)‘—’2+- . t,= )P“) (Z n; - Z n[,->

i=1+1

u,=(—1)”"’ic<z 3 A i Z A“">+‘ﬁ+( I)P(”Et-HcZ( D (29)

i=1k=1 i=l+1 k=1 i=1

Comparing this with (24) and (28), we immediately get

-1 N .
Ni=2 = 3 m P=Y By Z A E=7Y v, Z A (30)
i=1 i=Il+1 i<j k=1 i<y =

Thus, the state (22) is the common eigenstate for an infinite number of conservation
laws in the model.

To conclude this section, let us now discuss the degeneracy of the eigenstates and
the existence of the quantum bound states. From (19), it follows that the states
€,.1+2(A)|0) and €, 1. (A) €11y 1+2(A)|0) have the same eigenvalue for all the conserved
quantities. Further, the same statement also holds for the states %, ,.;(1)|0),
(61./+1(/\)(61+1,1+3()\)|0>, %1,:+2(A)‘€:+z,,+3()\)|0) and cgl.l+l()\)(€l+1.l+2(/\)(g1+2,l+3(/\)|0>,
and so on. Generally, we can show that the states €, (A)[0) and ‘€U(A)‘€jk(A)|O> are
degenerate. This reflects the fact that the system (1) describes the decay resonance
interaction represented by

Wy + Wik & Wik

As for the existence of the quantum bound states, let us restrict ourselves to the case
in which the fields w;n(j=1,2,..., N—1) are regarded as fermions. In this case, we
find that

%JN(A'*'IC)C@,N(/\):O ]=1,2,.,N_1. (31)

This implies that the fields w;x (j=1,2,..., N—1) cannot make bound states. On
the other hand, the bound state of m'"'*"w, ., particles occurs when the corresponding
spectral parameters form a string:

/\(kI'H-”:)\(“+”"‘ic(m(“+”+ l —2k)/2
k=1,2,..., m"™"*Y, ImA*“"*V=0,1=1,2,..., N=2
and when the group velocities satisfy
(V41 = Vet ) (U1 — ) >0 k=1+2,...,N (33)

respectively. Indeed, if we put the system on a finite interval of length L, then the
periodic boundary condition leads to
m AY—A‘s"'iC

i AL)y=~ R — ,6=1,2,..., m 34
exp(lﬂ:.l+1 y ) 511 Ay—Aa—ic Y m (34)

(32)
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Here we have dropped the superscripts for convenience. In particular, in the two-
particle case, we have
— "_+_ 1

exp(iB- 1A L) =H (35)
Obviously, the condition for the complex parameters A to exist is AT =A,. Setting
A=A+ixk and A;=A —ik (k >0), and substituting into (35), we find that, when L
goes to infinity, (35) requires B;,., >0 if ¢=-2x <0 or B+, <0 if ¢ =2x>0. This
implies that ¢8,,., <0. Note that when sf,k = —cB,BiBx and B,; = vy — v, we immedi-
ately get the conditions (33). It is interesting to note that the binding energy of the
bound state is zero. This must be a consequence of the fact that the system is linear
dispersive. When the conditions (33) are satisfied for all I, the bound states of the
fields w,,.,(I=1,2,..., N—=2) coexist. If so, the bound states involving other fields
also occur. This is obvious if we notice the degeneracy of the eigenstates discussed
above. No doubt, it is interesting to compare our results with those of Ohkuma and
Wadati [5]. Unfortunately, it is difficuit to rederive the Bethe eigenvectors constructed
by them from the quantum inverse scattering method, although this can be done by
using a generalisation of Wiesler’s method for the non-linear Schrodinger model [10].
We shall return to this problem elsewhere along with a detailed study of the algebraic
Bethe ansatz equations for the model (1).

4. Classical limit

Let us now come back to the classical theory. Then, the classical equations of motion
of the system are determined by

s e (36)
Here the Poisson bracket is defined by

{a,b}=ijz(5a 8k da Sb)

I)P“)"'PU)
1<j

dw, Swih Swk Sw

={w,

(37)

where the functional derivatives are understood in the sense of Grassman algebras
[11]. As in the non-linear Schrodinger model, the classical £ matrix takes the same
form as (5), and is then a supermatrix. Thus, the classical Yang-Baxter relations
should also be understood in the graded sense:

{Zx, )@ ZL(y, wW=[r(A—p), L, )R T+1® F(x, u)]8(x—y) (38)

or, in a lattice form,

{fi()\)®££ p=[r(r - ,LL)$(/\)®I+I®5£( )18 (39)

Here the Poisson brackets of Grassman direct product of two supermatrices & and %@
are defined by

R
.,Q{ % — _ e Pliy~P(y)
{ @ } IJ !§/< :/ C? 5 * ( 1) 8 :j 5 SWU) d.x (40)
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or, equivalently,

{d ® By = (- P TPOIPR o B}, (41)
In our case, the r matrix is

4
r(A—p)= —ml‘;(—1)”"”""”e(m®eml. (42)

It is easy to check that the quasiclassical correspondence given by Izergin and Korepin
[12]

%T—()*Z(—I)P”’P‘""e/mcaemz(Z eu®emm—ihr) (43)
YV om Im
also holds in our case. The corresponding classical Yang-Baxter relations for the

normalised monodromy matrix take the form

{FA) BT ()} =r.A-pw)TA)B T(w)=TA)® T (w)r(A—p) (44)

where

rFo(A—p)= xliTx E(=x, \)@E(—x, u)r(A—w)E(x, \ )@ E(x, u) (45)

with
E,(x, A)=exp(irax)s,. (46)

Then, we have

c

ro(A—p)= _/\_;IZ (1) ®eyximed (A —p) Y (=17 e, Qe (47)
- ! im

Thus we can write out some classical Poisson brackets for the scattering data:

{4 (X)), Am(u)}=0 Im=1,2,...,N

(4

{Bim(A), B} =[(-1)"™ = (-1)"'"]
A—p

Biga(A) B (1)

{(glm(A)9 %lm(#)} :[(_1)P(1)_(_1)P(m)] ;C_; (glm(/\)cglm(#)

_(_l)P(I)C
{%zm()\),&fl(#)}=m Bim (X)) (1)
-1 Pim)
(B (0), st ) = = () 1)
— M T 1IMmE
_1\Pth
(HA), G} =—L (M)
A= —1mmE
3 ___(_I)P{m)c
(st 0), o (1)) = (0 i)

{‘%mn(A)a &i,(,u)}= (_I)PH)(T]ln - 7]1,,,)17TC6(A _ﬂ')(ghn()‘)%ln(/\) (48)
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{Bim(X), ()} = (=) (0, = M )i (X = ) B () €y (A )

{1 (A), Gmn()} = (=) (= JimreS (A = ) €1, (A) B (A)

{ sty (A), G ()} = (= 1) (s = Ny )i S (A = 1) B (A) G (A)

{Bin(A), ()} = (=D iy + Mo )78 (A = 1) Bry (X) B (X)

{A(A), €)= (=1 (N + N )ie8(A = ) €pn(A) €1 (X) [<m<n.

From this we can see that the correspondence between quantum commutation relations
and classical Poisson brackets follows the usual principle:

{a, b}=i[a, b] (49)

5. Conclusions

We have studied the non-linear N-wave resonance interaction system with both boson
and fermion fields in the framework of the quantum inverse scattering method. Our
model may be viewed as a direct generalisation of that proposed by Ohkuma and
Wadati [5]. Infact, if we regard the fields wi,, ..., Waia) Waas1s ..., Wan as fermions
for a fixed e, and note that the exchange between w; and wa.,_, n+,-, does not affect
the physics of the system, then N/2 ((N +1)/2) different choices of statistics are only
independent for even (odd) N, respectively. Thus, there are three different choices in
the three-wave interaction model.

We have determined the energy spectrum of the quantum Hamiltonian for the
model, and analysed the existence of the quantum bound states. In the classical limit,
we have presented the classical Yang-Baxter relations in the graded sense and examined
the quasiclassical correspondence previously found by Izergin and Korepin [12]. We
wish that our formulation may also be useful in other completely integrable systems.
A possible candidate is a generalised non-linear Schrédinger model associated with
the superalgebra osp(m, 2n), which may be considered as a reduction of the system (1).
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Appendix. Derivation of the Lax pair for system (1)

The traditional basis for applying the inverse scattering method is to represent the
equations of motion of the system in the Lax form:

%97(x,y|m=:M(x,A)a‘(x,ym: (;ixF/'(x,y|/\)=:i’(x,,\)ﬂ'(x,yl)\): (A1)
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where & and M are N x N matrices depending on the spectral parameter A and the
dynamical variables. The compatibility condition of (A1)

“cfl_‘/ttx+[$5 “M]=0 (Az)
should be consistent with the equations of motion of the system. In our case, we assume
$(x,/\)=i/\;a,eu+2 Pim(X) €l (A3)

Im

M(x9 )‘) = _“\ z blmelm +Z qlm(x)elm-
im Im

Substituting (A3) into (A2), we have
, N
(alblm - blmam)’\ s (alqlm ~ QimQm + Z (blnpnm _plnbnm)) iA
n=1

Pim  9Gim
P _8Gim

N
+ - =
at ax rl;l (plnqnm qlnp,.m) 0 (A4)

Obviously, the coefficients in the same powers of A in the above equation must be
zero. Therefore we have

alblm - blmam =0 (AS)
N
AQim — GimQm + Z (blnpnm _plnbnm) =0 (A6)
n=1
and
aplm aqlm ol
Jt ax ngl (plnqnm qlnpnm) 0 (A7)

From this we conclude

blm = blalm
9im = ~ UimPim (AS)
BPim sy _5P4m=_i (Vtn = Vpm)
ot Im ox ol In nm plnpnm-
Here we have used the notation
bl - bm
Uiy =
a—a,
Now choosing
llmwlm I< m
le = O =m (Ag)
ImIW;I I>m

where

2 _ P(m)
Ilm_(_'l) mCBlm Slm=al_am=vln—vmn
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and substituting (A9) into (A8), we have

- v,,,,l,mw,m I<m
qlm = 0 I =m (Alo)
—vlmlmIW;l I>m
and
6w,,,,+ v oWy,
at "™ ox

Im -1 m—1
= (_I)P‘M) - ( Z Inllnmw:lwnm + Z Ilnlnmwlnwnm
4

n=1 m={+1

N
+ Z Ilnlmnwlnw;n) . (All)
n=m+1
Comparing the above equation with the equations of motion, we obtain
=1)PRLLL
e = (__)__EM (A12)

It must be noticed that there are always appropriate choices to guarantee the reality
of the coupling constants &.
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